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Review: Dynamical System in one variable

x(t) 1-dimensional quantity that evolves in time

How the variable evolves is described by a dynamics equation (also 
known as an ordinary differential equation):
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1 Dynamical systems in one variable

Dynamical systems in one variable involve ordinary di↵erential equations (ODEs) of the form:

dx

dt
= f(x) (1)

which is equivalent to writing
ẋ = f(x). (2)

What this specifies is a time-varying quantity x(t) whose temporal derivative is the function f(x(t))
at each time point t. Typically we will specify an initial state x0 at time t = 0. This indicates that
the variable begins at value x(0) = x0 and evolves from there according to the changes defined by
f(x).

The qualitative behavior of this model can be understood entirely by inspecting the graph of f(x)
vs. x:

• Regions where f(x) > 0: the derivative is positive, so x(t) will increase (toward a fixed point
or towards infinity).

• Regions where f(x) < 0: the derivative is negative, so x(t) will decrease (towards a fixed
point or towards negative infinity).

• Fixed points: points where f(x) crosses the x axis, meaning dx
dt = 0. If x takes on such a

value then it will remain there forever (because its derivative is zero), hence “fixed”.

We can classify fixed points as stable or unstable based on whether nearby points will converge
towards or diverge away from the point.

In one dimension it is easy to determine stability of fixed points by visual inspection.

If the function f(x) = dx
dt crosses the x axis with negative slope, the fixed point will be stable,

because points to the left have positive derivative (meaning x(t) increases towards the fixed point)
and points to the right have negative derivative (meaning x(t) will decrease towards the fixed point).

Conversely, if the function the x axis with positive slope, the fixed point will be unstable: points
to the left have negative derivative (meaning x(t) will decrease even further away from the fixed
point) and points to the right have positive derivative (meaning x(t) will increase away from the
fixed point).

If f(x) touches the x axis at a single point but does not cross it, then the fixed point is neither
stable nor unstable.
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rate of change of x
(ie time-derivative of x) some function of x

equivalent way of writing it:
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• stable fixed point:  nearby points converge

stable 
f.p.
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stable 
f.p.

unstable 
f.p.

• unstable fixed point: nearby points diverge

fixed point:  location where f(x) = 0



Fixed Point Stability

• f(x) crosses x axis 
with negative slope 

 stable⟹

• f(x) crosses x axis 
with positive slope 

 unstable⟹

• f(x) touches x axis 
without crossing: 

neither



other topics 

• “solving” a differential equation
• Euler integration
• linear dynamical systems in 1 variable



Dynamical models in

neuroscience



FitzHugh-Nagumo oscillator
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Used as a model of
cortical up-down states
[Curto et al. 2009]

limit cycle



Lorenz attractor



Perceptual decision-making

Wong, K.-F. and Wang, X.-J. (2006). A recurrent network 
mechanism of time integration in perceptual decisions. The 
Journal of Neuroscience, 26(4):1314-1328.



Rotational dynamics in M1

Churchland et al, Nature 2003



Rotational dynamics in V1

https://www.youtube.com/watch?v=CrY5AfNH1ik


