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Abstract

An important goal in the design of neurophysiology experiments is to select stimuli that rapidly probe
a neuron’s tuning or response properties. This is especially important in settings where the neural
parameter space is multi-dimensional and the experiment is limited in time. Bayesian active learning
methods provide a formal solution to this problem using a statistical model of the neural response
and a utility function that quantifies what we want to learn. In contrast to staircase and other ad hoc
stimulus selection methods, Bayesian active learning methods use the entire set of past stimuli and
responses to make inferences about functional properties and select the next stimulus. Here we discuss
recent advances in Bayesian active learning methods for closed-loop neurophysiology experiments. We
review the general ingredients for Bayesian active learning and then discuss two specific applications
in detail: (1) low-dimensional nonlinear response surfaces (also known as “tuning curves” or “firing rate
maps”); and (2) high-dimensional linear receptive fields. Recent work has shown that these methods
can achieve higher accuracy in less time, allowing for experiments that are infeasible with non-adaptive
methods. We conclude with a discussion of open problems and exciting directions for future research.
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Introduction

A primary goal in systems neuroscience is to characterize the statistical relationship between environmental stimuli and neural responses. This is commonly known as the neural coding problem, which
is the problem of characterizing what aspects of neural activity convey information about the external
world [1–5]. This problem is challenging because the relevant stimulus space is often high-dimensional
and neural responses are stochastic, meaning that repeated presentations of a single stimulus elicit
variable responses. Moreover, neural datasets are limited by the finite length of neurophysiological
recordings. In many cases, experimenters wish to rapidly characterize neural tuning as a precursor to
other experiments, or to track dynamic changes in tuning properties over time. Adaptive Bayesian methods for stimulus selection, which seek to choose stimuli according to an optimality criterion, provide a
natural framework for addressing these challenges.
In classic “fixed design” experiments, stimuli are selected prior to the start of the experiment, or are
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selected randomly from a fixed distribution, without regard to the observed responses. By contrast,
adaptive or closed-loop designs take account of the responses as they are observed during the experiment in order to select future stimuli. Thus, if one observes that a neuron is insensitive to one dimension
or region of stimulus space, one can spend more time exploring how the response varies across others.
A variety of studies have developed adaptive methods for closed-loop experiments, with applications
to linear receptive field estimation [6–9], color processing in macaque V1 [10–12], sound processing in
auditory neurons [13–16], and nonlinear stimulus integration [17–19]. See [20, 21] for recent reviews.
Here we focus on Bayesian methods for adaptive experimental design, known in machine learning
as Bayesian active learning. The basic idea is to define a statistical model of the neural response,
then design stimuli or experiments to estimate the model parameters as efficiently as possible. The
learning goal is specified by a utility function that determines the “most useful” stimulus given posterior
uncertainty [22–27]. In the following, we introduce the basics of Bayesian active learning and describe
two specific applications to closed-loop neurophysiology.

2

Bayesian active learning

A Bayesian active learning method or Bayesian adaptive design has three basic ingredients:
1. An encoding model p(r|x, θ), which describes the conditional probability of a neural response r
given a stimulus x and model parameters θ.
2. A prior distribution p(θ) over the model parameters.
3. A utility function u(θ, r, x|Dt ), which quantifies the usefulness of stimulus-response pair (x, r) for
learning about θ, given the data recorded so far in the experiment, Dt = {(x1 , r1 ), . . . , (xt , rt )}.
Here we will consider the stimulus x to be a vector (e.g., the position, orientation, and spatial frequency
of a sinusoidal grating, or the vector formed from a binary white noise image). We will consider the
elicited response r to be a scalar (e.g., the spike count in some time window), although extending
this framework to multivariate responses represents an important avenue for future research. Taken
together, these ingredients fully specify both the uncertainty about the parameters given the observed
data and the optimal stimulus at any point in the experiment.

2.1

Posterior and predictive distributions

The encoding model p(r|x, θ) captures our assumptions about the encoding relationship between stimulus and response, i.e., the noisy process that takes stimuli and transforms them into spike responses.
When considered as a function of the parameters θ, the encoding model provides the likelihood function. The prior distribution p(θ), in turn, characterizes our uncertainty about the parameters before the
beginning of the experiment. These two ingredients combine to specify the posterior distribution over
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the parameters given data according to Bayes’ rule:

p(θ|Dt ) ∝ p(θ)

t
Y

p(ri |xi , θ),

(1)

i=1

where the model provides a likelihood term p(ri |xi , θ) for each stimulus-response pair. The product
of likelihood terms arises from the assumption that responses are conditionally independent given the
stimulus on each time step. (Later, we will discuss relaxing this assumption).
Another important distribution that we can obtain from these ingredients is the predictive distribution of
the response, p(r|x, Dt ) which is the conditional distribution of the response given the stimulus and all
previously observed data Dt , with uncertainty about the parameters θ integrated out. This is given by

Z
p(r|x, Dt ) =

2.2

p(r|x, θ) p(θ|Dt ) dθ.

(2)

Utility functions and optimal stimulus selection

In sequential optimal designs, the experimenter selects a stimulus on each trial according to an optimality criterion known as the expected utility. This quantity is the average of the utility function over
p(r, θ|x, D), the joint distribution of r and θ given a stimulus and the observed data so far in the experiment:

ZZ
u(θ, r, x|Dt ) p(r, θ|x, Dt ) dθ dr,

U (x|Dt ) , Er,θ [u(θ, r, x|Dt )] =

(3)

or if responses are integer spike counts,

=

Z X
∞

u(θ, r, x|Dt ) p(r, θ|x, Dt ) dθ.

(4)

r=0

The experimenter selects the stimulus with maximal expected utility for the next trial:

xt+1 = arg max
U (x∗ |Dt ),
∗
x ∈Ω

(5)

where Ω is some set of candidate stimuli. Fig. 1 shows a schematic of the three iterative steps in
Bayesian active learning: (1) present stimulus and observe response; (2) update posterior; (3) maximize expected utility to select a new stimulus.
The choice of utility function determines the notion of optimality for a Bayesian active learning paradigm.
Intuitively, the utility function can be understood as providing a precise specification of what kinds of
posterior distributions are considered “good”. We will now review several choices for utility.

Maximum mutual information (infomax)
The most popular Bayesian active learning method seeks to maximize the gain in information about
model parameters, an approach commonly known as infomax learning [7, 22, 27–31]. This approach
3

1. present stimulus, observe response

...

trial t+1

trial t

2. update posterior

3. maximize expected utility

Figure 1: Schematic of Bayesian active learning for closed-loop neurophysiology experiments. At time step
t of the experiment, we present stimulus xt and record neural response rt . Then, we then update the
posterior p(θ|Dt ) by combining the likelihood p(rt |xt , θ) with the prior p(θ|Dt−1 ), which is the posterior from
the previous time step. Finally, we search for the stimulus xt+1 that maximizes the expected utility U (x|Dt ),
which quantifies the learning objective in terms of a utility function integrated over the joint distribution of r
and θ given the data. These steps are repeated until some stopping criterion.

selects stimuli that maximize the mutual information between response r and the parameters θ, which
is equivalent to minimizing the expected entropy of the posterior distribution.
Formally, infomax learning arises from a utility function given by the log ratio of the posterior to the prior,

u(θ, r, x|Dt ) = log

p(θ|r, x, Dt )
,
p(θ|Dt )

(6)

where the numerator is the updated posterior after observing a new stimulus-response pair (x, r), and
the denominator is the prior, given by the posterior at trial t. The expected utility is therefore the mutual
information between r and θ:

Uinfomax (x|Dt ) = Er,θ

h

p(θ|r, x, Dt ) i
log
= H(θ|Dt ) − H(θ; r x, Dt ) , I(θ, r|x, Dt ),
p(θ|Dt )

(7)

where we use H(θ; r x, Dt ) to denote the conditional entropy of θ given r for fixed x and Dt , and
H(θ|Dt ) is the entropy of the posterior after the previous trial. Note that we can perform infomax
learning by selecting the stimulus that minimizes H(θ; r x, Dt ), since H(θ|Dt ) is independent of the
stimulus and response on the current trial. The mutual information utility function is also commonly
referred to as the expected information gain, since it is the expected change in the posterior entropy
from a single stimulus-response pair [7, 27].
It is worth noting that the mutual information can also be written as

I(θ, r x, Dt ) = H(r Dt ) − H(r; θ x, Dt ),
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(8)

which is the difference between the marginal entropy of r (under the predictive distribution) and the
conditional entropy of r given θ. This expression is sometimes easier to compute than the expected
utility as given in (eq. 7), as we will show in our first application below.

Minimum mean-squared-error (MMSE)
Another possible approach is to select stimuli that will allow for optimal least-squares estimation of θ,
a paradigm commonly known as minimum mean squared error (MMSE) learning [12, 32, 33]. We can
formalize MMSE learning with a utility function given by the negative mean squared error (since we
wish to maximize utility):
u = −||θ − θ̂(r,x,Dt ) )||2 ,
(9)
where θ̂(r,x,Dt ) = Eθ [θ|r, x, Dt ] is the mean of the posterior p(θ|r, x, Dt ), also known as the Bayes’
least squares estimate. The expected utility is therefore given by

h
h 
i
i
Ummse (x|Dt ) = −Er,θ (θ − θ̂(r,x,Dt ) )> (θ − θ̂(r,x,Dt ) = −Er Tr cov θ|r, x, D ,

(10)

which is equal to the negative trace of the posterior covariance given the response, averaged over
p(r|x, Dt ). Because trace and expectation can be exchanged, this can also be written as the sum of
the expected marginal posterior variances:

Ummse (x|Dt ) = −

X

Er [var(θi |r, x, Dt )].

(11)

i

One might therefore refer to MMSE learning as minimum-variance learning since it seeks to minimize
the sum of posterior variances for each parameter [12].

Other utility functions
A variety of other utility functions have been proposed in the literature, including prediction error on test
data [24, 34]; misclassification error [35]; and the mutual information between function values at tested
and untested locations [36]. Other “non-greedy” active learning methods do not attempt to maximize
expected utility in each time step, but define optimality in terms of the stimulus that will best allow one
to achieve some learning or prediction goal in 2 or n trials after the current trial [37].
For the remainder of this chapter we will focus on infomax learning, due to its popularity and relative
computational tractability. But readers should be aware that the choice of utility function can have
significant effects on learning, due to the fact that different utility functions imply different notions of
“goodness” of a posterior distribution. For example, if we consider an uncorrelated Gaussian posterior,
entropy depends on the product of variances, whereas the MSE depends on the sum of variances.
Thus, infomax learning would strongly prefer a posterior with variances (σ12 = 1, σ22 = 100) to one with
variances (σ12 = 20, σ22 = 20) since (1 · 100) < (20 · 20). MMSE learning, however, would have the
opposite preference because (1 + 100) > (20 + 20). These differences may have practical effects on
learning by determining which stimuli are selected. (See [12] for an detailed exploration in the context
of tuning curve estimation).
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Uncertainty sampling
Before moving on to applications, it is worth mentioning methods that are not fully Bayesian but rely on
some of the basic ingredients of Bayesian active learning. A prominent example is uncertainty sampling,
which was introduced for training probabilistic classifiers [38]. The original idea was to select stimuli
for which the current classifier (given the labelled data available so far) is maximally uncertain. This
employs the entirely reasonable heuristic that a classifier should be able to learn more from examples
with uncertain labels. However, uncertainty sampling is not necessarily a Bayesian active learning
method because the selection rule does not necessarily maximize an expected utility function.
Uncertainty sampling can take at least two different forms in a neurophysiology setting. The first, which
we will call response uncertainty sampling and involves picking the stimulus for which the response has
maximal entropy,
xt+1 = arg max
H(r|x∗ , Dt )
(12)
∗
x ∈Ω

which involves maximizing entropy of the predictive distribution (eq. 2). For a binary neuron, this would
correspond to selecting a stimulus for which the spike probability is closest to 0.5.
An alternative approach is to select stimuli for which we have maximal uncertainty about the function
underlying the response, which we will refer to as parameter uncertainty sampling. This method can be
used when the parameters are in a one-to-one correspondence with the stimulus space. If we consider
a tuning curve f (x) that specifies the mean response to stimulus x, parameter uncertainty sampling
would correspond to selection rule:

xt+1 = arg max
H(f (x∗ )|Dt ),
∗
x ∈Ω

(13)

where p(f (x)|Dt )is the posterior distribution over the value of the tuning curve at x. This differs from
infomax learning because it fails to take into account the amount of information that the response r is
likely to provide about f . For example, higher-mean regions of the tuning curve will in general provide
less information than lower-mean regions under Poisson noise because noise variance grows with the
mean. In the next two sections, we will explore active learning methods for two specific applications of
interest to neurophysiologists.

3

Application: tuning curve estimation

First, we consider the problem of estimating a neuron’s tuning curve in a parametric stimulus space. The
object of interest is a nonlinear function f that describes how a neuron’s firing rate changes as a function
of some stimulus parameters (e.g., orientation, spatial frequency, position). Canonical examples would
include orientation tuning curves, spatial frequency tuning curves, speed tuning curves, hippocampal
place fields, entorhinal grid cell fields, and absorption spectra in photoreceptors. We might equally
call such functions “firing rate maps” or “response surfaces”. Our goal is to select stimuli in order to
characterize these functions using the smallest number of measurements. We will separately discuss
methods for parametric and non-parametric tuning curves under Poisson noise.

6

3.1

Poisson encoding model

We will model a neuron’s average response to a stimulus x by a nonlinear function f (x), known as
the tuning curve, and assume that the response is corrupted by Poisson noise. The resulting encoding
model is given by:

λ = f (x)
p(r|x) =

1 r −λ
.
r! λ e

(14)
(15)

Let Dt = {(xi , ri )}ti=1 denote the data collected up to time t in an experiment. Then we have loglikelihood function
L(λt |Dt ) = log p(Rt |λt ) = Rt > log λt − 1> λt ,
(16)
where Rt = (r1 , . . . , rt )> is the vector of responses, λt = (f (x1 ), . . . , f (xt ))> is the vector of spike
rates for the stimuli presented, and 1 is a vector of ones. We have ignored a constant that does not
depend on f .

3.2

Parametric tuning curves

In many settings, the experimenter has a particular parametric tuning curve in mind (e.g., a von-Mises
function for a V1 orientation tuning curve, or a Naka-Rushton function for a contrast-response function).
This approach confers advantages in terms of speed: by making strong assumptions about the form of
the tuning curve, active learning algorithms can rule out many functions a priori and more quickly identify
regions of stimulus space that are informative about the parameters. For example, if the desired tuning
curve is a Gaussian bump, Bayesian active learning will not waste time trying to determine if there are
other bumps in unexplored regions of parameter space once a single bump has been identified. The
potential disadvantage of this approach is that it may fail when tuning curves violate the assumptions of
the parametric model. If a neuron has a bimodal tuning curve, for example, an active learning algorithm
designed for unimodal function may never discover the second mode.
Here we describe a simple approach for infomax learning of a parametric tuning curve f (x; θ), which
describes the mean response to a stimulus x and is described by parameters θ. In general, the loglikelihood (eq. 16) is not convex as a function of θ, and gradient ascent methods may therefore not find
the global maximum of the likelihood. We therefore use Markov Chain Monte Carlo (MCMC) sampling
to obtain samples from the posterior distribution over θ, an approach used previously for Bayesian
tuning curve inference in a fixed design setting [39].
We can use a standard MCMC sampling method (e.g., Metropolis-Hastings or slice sampling) to obtain
a set of m samples {θ(i) } ∼ p(θ|Dt ) from the posterior given the data so far in the experiment (eq. 1).
We can then evaluate the expected information gain for any candidate stimulus x∗ using a grid over
spike counts r ∈ {0, 1, . . . rmax } to compute the marginal and conditional response entropies. We set
rmax to some suitably high value (e.g., 200 spikes) based on the current posterior over spike rates.
Mutual information is given by the difference of these entropies:

I(θ, r x∗ , Dt ) ≈ −

rX
max

p(r|x∗ ) log p(r|x∗ ) +

m rmax
1 XX
p(r|x∗ , θ(i) ) log p(r|x∗ , θ(i) ),
m
i=1 r=0

r=0
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Figure 2: Active learning of 1D parametric tuning curve using MCMC sampling. The true tuning curve (black)
has preferred stimulus µ = 3.4, tuning width σ = 1, amplitude A = 50, and baseline firing rate b = 2.
We placed a uniform prior on each of these parameters: µ ∈ [−10, 10], σ ∈ [0.1, 20], A ∈ [1, 200], and
b ∈ [0.1, 50]. Top row: True tuning curve (black) and Bayes’ least-squares (BLS) estimate (red), shown
along with 50 samples from the posterior (gray traces) after 3, 4, 5, 10, and 50 trials. (50-trial figure at right
generated from an independent run). Bottom row: Expected information gain for each candidate stimulus
given the data so far in the experiment. Black asterisk indicates location of the selected stimulus, which is
presented on the next trial. Bottom right: Comparison of mean absolute error between true tuning curve and
BLS estimate under random (black) and Bayesian active learning stimulus election (yellow), averaged over
250 runs of each method. The active method achieves a maximal speedup factor of 2.5, with an error after
10 trials approximately equal to the random sampling error after 25 trials.

where the marginal response distribution is given by the mean over MCMC samples:
m

p(r|x∗ ) =

1 X
p(r|x∗ , θ(i) )
m

(18)

i=1

for each response value r. The resulting algorithm is remarkably simple, and may be implemented
with fewer than 150 lines of code in Matlab using a 2D grid over stimulus locations and spike counts r.
(Code available from http://pillowlab.princeton.edu/code_activelearningTCs.html).
Figure 2 shows an illustration of this algorithm in a simulated experiment for estimating a 1D Gaussian
tuning curve with baseline, parametrized as:


f (x; θ) = b + A exp −

1
(x
2σ 2

− µ)2



(19)

where the parameters θ include a preferred stimulus µ, tuning width σ , amplitude A, and baseline firing
rate b. We obtained samples from the posterior with a standard implementation of slice sampling.
The first column of Fig. 2 shows a snapshot of the algorithm after 3 trials of the experiment. The
top plot shows the three observed stimulus-response pairs (black dots), the true tuning curve (black
trace), and m=100 posterior samples f (i) (gray traces), given by f (x|θ(i) ) for each sample θ(i) from the
1 P (i)
posterior (eq. 1). The posterior mean fˆ (red trace) is the mean of the samples m
i f . The bottom
plot shows the expected information gain, computed using (eq. 17), for each stimulus x on a grid over
the stimulus range [−10, 10]. Intuitively, the expected information gain for each stimulus is related to
the spread of the sample tuning functions at that location (gray traces in the top plots); the more the
8

sample tuning curves disagree, the higher the information gain from that stimulus. A black asterisk
marks the maximum of the expected utility function, which determines the stimulus selected for the next
trial. Subsequent columns show analogous snapshots after 4, 5, and 10 trials. The top-right plot shows
the estimate after 50 trials, along with the stimuli-response pairs obtained (black dots). Note that the
stimuli are far from uniformly distributed, with most dots clustered at the peak and sides of the tuning
curve. This indicates that these stimulus locations tend to provide maximal information about the tuning
curve under this parametrization.
The bottom right plot (Fig. 2) shows a comparison of the average error in the tuning curve estimate
|f (x) − fˆ(x)| under infomax learning and non-adaptive learning (uniform iid stimulus sampling), averaged over 250 runs of each algorithm. On average, the non-adaptive sampling method requires 25
trials to achieve the same error as infomax learning after only 10 trials. Longer runs reveal that, even
asymptotically, the non-adaptive method requires 50% more trials to achieve the same error as infomax
learning for this 1D example. Substantially greater improvements can be obtained in higher dimensions.

3.3

Nonparametric tuning curves with Gaussian process priors

In some settings, the experimenter may not wish to make a strong parametric assumption about the
form of the tuning curve, and instead prefer an approach that will converge for any possible f . This
motivates a non-parametric approach, which allows the number of degrees of freedom in the tuning
curve to grow flexibly with the amount of data. Here we discuss an approach based on transformed
Gaussian process priors, described previously in [11, 12].

Gaussian processes
Gaussian processes (GPs) provide a flexible and computationally tractable family of prior distributions
over smooth functions. They have been used for non-parametric tuning curve estimation [40], and for
a variety of other neuroscience applications including spike rate estimation [41], factor analysis [42],
and estimation of cortical maps [43]. A Gaussian process can be understood as an extension of a
multivariate Gaussian distribution to the continuum, so that each value of the function has a Gaussian
distribution. Formally, a GP is characterized by a mean function µ(·) and covariance function K(·, ·)
which specify the mean and covariance of the Gaussian distribution over function values at any collection of locations. For a d-dimensional function φ : Rd → R distributed according to a GP, we write
φ ∼ GP(µ, K). This means that for any pair of locations x1 , x2 ∈ Rd , the values of the function at these
locations have a bivariate Gaussian distribution:

"

#
φ(x1 )
∼N
φ(x2 )

"
# "
#!
µ(x1 )
K(x1 , x1 ) K(x1 , x2 )
,
.
µ(x2 )
K(x1 , x2 ) K(x2 , x2 )

(20)

Similarly, for any set of N input locations x1:N = {xi ∈ Rd }N
i=1 , the vector of function values φ1:N =
{φ(xi ) ∈ R}N
has
a
multivariate
Gaussian
distribution
with
mean vector whose i’th element is µ(xi )
i=1
and covariance matrix whose i, j ’th element is K(xi , xj ). A common approach is to fix the mean
function to a constant µ and select a covariance function that has desired degree of smoothness or
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Figure 3: Schematic of GP-Poisson encoding model for tuning curves. A function φ takes vector stimulus x
as input and produces scalar output, which is transformed by a nonlinear function g into a positive spike rate.
The response r is a Poisson random variable with mean g(φ(x)). We place a Gaussian process (GP) prior
over φ and assume g is fixed. The neuron’s tuning curve or firing rate map is given by f (x) = g(φ(x)).

differentiability (see [44]). Here we will use the popular Gaussian or “squared exponential” covariance
function (inaptly named because it takes the form of an exponentiated square, not a squared exponential), which is given by:

K(xi , xj ) = ρ exp −||xi − xj ||2 /(2τ 2 ) .
(21)
This covariance function has a pair of hyperparameters: a marginal variance ρ, which determines how
far function values deviate from its mean; and length-scale τ , which determines smoothness. We can
consider the mean µ as a third hyperparameter, so that the GP is determined by the hyperparameter
vector ψ = (ρ, τ, µ).
If we wished to model a neuron’s response as having fixed variance Gaussian noise, then we could
place a GP prior directly over the tuning curve f , and use the standard formulas to compute the posterior
over f after each trial [44]. In this case, there’s no need for adaptive stimulus selection: it turns out
that the posterior covariance over f and the expected utility depend only on the stimuli {xi }, and are
independent of the observed responses {ri }. This means that we can plan out a maximally informative
set of stimuli before the experiment begins. (Note however that this is true only if we consider the GP
hyperparameters ψ and Gaussian noise variance σ 2 to be fixed; if they are to be estimated or integrated
over during the experiment, then active learning becomes worthwhile even in this setting.)

Transformed Gaussian processes
If we wish to model neurons with Poisson noise, tuning curves must be non-negative. This rules out the
use of standard Gaussian process priors because they place probability mass on negative as well as
positive function values. A straightforward solution is to transform a Gaussian process by a nonlinear
function g with non-negative range. This suggests we parametrize the tuning curve as

f (x) = g(φ(x)),

(22)

where g(·) is an invertible nonlinear function with non-negative output, and φ is a real-valued function
governed by a GP prior. We refer to the resulting model as the GP-Poisson model (Fig. 3).
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This model lends itself to infomax learning because information gain about f is the same as the information gain about φ. An invertible nonlinearity g can neither create nor destroy information. Moreover,
if g is convex and log-concave (meaning g grows at least linearly and at most exponentially), then the
posterior over φ under a GP prior will be strictly log-concave (by an argument similar to that given in
[45]). This ensures that the posterior over φ, written p(φ|Dt ), has a single mode and can be reasonably
well approximated by a Gaussian process [12].

Posterior Updating
We can approximate the posterior over φ using the Laplace approximation, a Gaussian approximation
that results from finding the posterior mode and using the Hessian (second derivative matrix) at the
mode to approximate the covariance [46, 47]. Given data Dt , we find the maximum a posteriori (MAP)
estimate of φ at the set of stimulus locations presented so far in the experiment:

φ̂map , arg max

L(φt |Dt ) + log p(φt |µ1, K)

(23)

φt

= arg max

Rt > log(g(φt )) − 1> g(φt ) −

φt

1
2 (φt

− µ1)> K−1 (φt − µ1),

(24)

where L(φt |Dt ) denotes the Poisson log-likelihood (eq. 16) and log p(φt |µ, K) is the log probability of
the vector of function values φt = (φ(x1 ), . . . φ(xt )) under the GP prior. This latter term is given by a
multivariate normal density with t × t covariance matrix Ki,j = K(xi , xj ), and 1 is a length-t vector of
ones.
The Laplace approximation to the posterior at the stimulus locations Xt = (x1 , . . . , xt ) is a multivariate
Gaussian with mean φ̂map and covariance equal to the negative inverse Hessian of the log-posterior:

p(φt |Dt ) ≈ N (φ̂map , Σ),

Σ = (L + K−1 )−1

(25)

where L is the Hessian of the negative log-likelihood, which is a diagonal matrix with diagonal elements
given by

Lii = −

∂2
g(φi )g 00 (φi ) − g 0 (φi )2
L(φ
|D
)
=
r
+ g 00 (φi )
t
t
i
2
2
g(φ
)
∂φi
i

(26)

evaluated at φt = φ̂map . When g(·) is exponential, the first term vanishes and we have simply L =
diag(exp(φt )). The full posterior GP is then determined by the Gaussian approximation at the points
in Xt : the likelihood enters only at these points, and its effects on the posterior at all other points are
mediated entirely by the smoothing properties of the GP prior.
∗
∗
For any set of possible next stimuli x∗ = {x∗i }N
i=1 , let φt = φ(x ) denote the vector of associated
function values. The posterior distribution over these function values under the Laplace approximation
is given by:

p(φ∗t |Dt ) ≈ N (µt , Λt ),

(27)

with mean and covariance given by

µt = µ1 + K∗ K−1 (φ̂map − µ1)
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(28)

Λt = K∗∗ − K∗ (L−1 + K)−1 K∗> ,

(29)

∗
∗
where K∗ij = K(x∗i , xj ), and K∗∗
ij = K(xi , xj ) (see [44], Sec. 3.4.2). To perform uncertainty sampling
(eq. 13), we could simply select the stimulus for which the corresponding diagonal element of Λt is
largest. However, this will not take account of the fact that the expected information gain under Poisson
noise depends on the posterior mean as well as the variance, as we will see next.

Infomax learning
Because mutual information is not altered by invertible transformations, the information gain about the
tuning curve f is the same as about φ. We can therefore perform infomax learning by maximizing
mutual information between r and φt or, equivalently, minimize the conditional entropy of φt given r
(eq. 7). Because φt is a function instead of a vector, this entropy is not formally well defined, but for
practical purposes we can consider the vector of function values φ∗t defined on some grid of points x∗ ,
which has a tractable, approximately Gaussian distribution (eq. 27).
The expected utility of a stimulus x∗ can therefore be computed using the formula for negative entropy
of a Gaussian:
i
h
∗
,
(30)
Λ
Uinfomax (x∗ |Dt ) = − 21 Er∗|x log Λ−1
t
t
where Λt is the posterior covariance at time t (eq. 29) and Λ∗t is the posterior covariance after updating
with observation (x∗ , r∗ ). The expectation is taken with respect to p(r∗ |x∗ , Dt ), the predictive distribution at x∗ (eq. 2). If we use exponential g , then the Λ∗t lacks explicit dependence on r∗ because the
Hessian depends only on the value of φ at x∗ , that is:

−1

φ̂map (x∗ )
Λ∗t = Λ−1
,
t + δ(x∗ ,x∗ ) e

(31)

where δ(x∗ ,x∗ ) is a matrix with a single 1 in the diagonal position corresponding to stimulus x∗ and zeros
elsewhere, and φ̂map (x∗ ) is the MAP estimate of φ after observing r∗ . Using the matrix-determinant
lemma to compute the determinant of Λ∗t , we can simplify the expected utility to:

h 
i
h
i
∗
∗
Uinfomax (x∗ |Dt ) = 21 Er∗ |x∗ log 1 + σt2 (x∗ )eφ̂map (x ) ≈ 21 Er∗ |x∗ σt2 (x∗ )eφ̂map (x ) ,

(32)

where σt2 (x∗ ) = Λt (x∗ , x∗ ) is the marginal variance of the posterior over the value of φ at x∗ (eq. 29),
and the approximation on the right results from a first-order Taylor expansion of log(x). The information
gain therefore depends on r∗ only via its influence on the MAP estimate of φ(x∗ ). Because there is no
∗
analytical form for this expectation, it is reasonable to use the expectation of eφ̂map (x ) over the current
posterior, which follows from the formula for the mean of a log-normal distribution. This allows us to
evaluate the information gain for each candidate stimulus x∗ :

Uinfomax (x∗ |Dt ) ≈ 21 σt2 (x∗ )eµt (x

∗ )+ 1 σ 2 (x∗ )
2 t

.

(33)

We take the next stimulus xt+1 to be the maximizer of this function, which depends on both the mean
and variance of the posterior over φ. (Note that this differs from uncertainty sampling, which uses only
the posterior variance to select stimuli).
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Figure 4: Comparison of stimulus selection methods for 2D tuning curve. A: True tuning curve in a 2D input
space, with maximum of 90 sp/s and minimum of 1 sp/s. B The posterior entropy (left) and mean squared
error (right), as a function of the number of experimental trials, for each of four methods: (1) Stimulus selection
under a standard or “vanilla” Gaussian process model with Gaussian noise (where stimulus selection does
not depend on the observed responses); (2) random iid stimulus selection; (3) uncertainty sampling; and (4)
infomax learning. Infomax learning exhibits the best performance in terms of both information and MSE.

The form of the mean dependence observed in (eq. 33) depends critically on the choice of the nonlinear
transformation g . For exponential g , as assumed here, the information gain is an increasing function of
the mean, meaning that the algorithm will explore high-firing rate regions of the tuning curve first. For a
soft-rectifying g , however, information gain turns out to be a decreasing function of the posterior mean
[12], meaning the algorithm prefers to explore moderate-to-low firing-rate regions of the tuning curve
first. See [12] for a more thorough discussion of this issue, and along with other choices for expected
utility.

Simulations
Fig. 4 shows a comparison of several stimulus selection methods using data simulated from a Poisson neuron with a two-dimensional tuning curve. We compared infomax stimulus selection to random
sampling and uncertainty sampling, which selects the stimulus for which the posterior variance of firing
rate map is maximal. We also tested the performance of a method based on a model with Gaussian
(instead of Poisson) noise, for which information gain can be computed analytically. For this model, the
utility does not depend on the observations, meaning that the entire sequence of stimuli can be planned
out before the experiment. Fig. 4B shows the performance of each method in terms of posterior entropy and mean squared error (average over 100 independent repetitions). Uncertainty sampling, in
this case, focuses on picking stimuli only around the high peak areas of the true map, which results in
slower decrease in MSE than random sampling.

4

Application: linear receptive field estimation

Another important class of problems in electrophysiology experiments is linear receptive field (RF)
estimation. This differs from tuning curve estimation in that the estimation problem is high dimensional,
since RF dimensionality is equal to the number spatio-temporal elements or “pixels” in the relevant
stimulus driving the neuron. This high-dimensional characterization problem is simplified, however,
13
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Figure 5: Schematic of generalized linear encoding model (GLM) for RF characterization. The model contains a weight vector k that linearly filters the stimulus, a nonlinear function g , and noise from an exponential
family distribution.

by the fact that the assumed function is linear. This assumption is justified by the fact that many
sensory neurons have approximately linear response properties in a suitably defined input space (which
may involve a nonlinear transformation of the raw stimulus [48]). The active learning problem is to
select stimuli in this high-dimensional space that are maximally informative about the neuron’s weighting
function. This poses unique challenges because, unlike the tuning curve problem, we cannot grid up
the input space and compute the expected utility for each stimulus.

4.1

Generalized linear model

A popular model for linear receptive fields (RFs) arises from the generalized linear model (GLM) [49–
51]. This model (Fig. 5) consists of a linear filter k, which describes how the neuron integrates the
stimulus over space and time, followed by a point nonlinearity g(·), which transforms filter output into
the neuron’s response range, and exponential-family noise that captures stochasticity in the response.
Typically, one regards the nonlinearity in a GLM as fixed, which simplifies estimation and stimulus
selection problems [45].
The Poisson GLM, also known as the linear-nonlinear-Poisson (LNP) model, is given by

λ = g(k> x),

r|x ∼ Poiss(∆λ),

(34)

where k> x is the dot product between the filter k and the stimulus x, the nonlinearity g ensures the
spike rate λ is non-negative, and ∆ is a time bin size. The model can be extended to incorporate linear
dependencies on spike-history and other covariates like the responses from other neurons [50–53], but
we will focus here on the simple case where the stimulus x is the only input.

4.2

Infomax stimulus selection for Poisson GLM

Lewi et al [7] developed an infomax learning method for RF characterization under a Poisson GLM,
which we will refer to as “Lewi-09”. This method assumes an isotropic Gaussian prior over k, which
leads to a posterior formed by the product of a Gaussian prior and Poisson likelihood, just as in the GPPoisson tuning curve model considered in the previous section. We will omit details of the derivation, but
the method developed in [7] is closely related to the infomax learning for the GP-Poisson model (and in
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fact, was a direct source of inspiration for our work). In brief, the Lewi-09 method performs approximate
MAP inference for k after each response and computes a Gaussian “Laplace” approximation to the
posterior. When the nonlinearity g is exponential, this leads to a concise formula for the expected
information gain for a candidate stimulus x∗ (which closely resembles eq. 33):
1

2

I(r, k|x∗ , Dt ) ≈ 12 σρ2 eµρ + 2 σρ ,

(35)

where µρ and σρ2 are projections of x∗ onto the posterior mean and covariance of k :

µρ = µt > x∗ ,

σρ2 = x∗> Λt x∗ .

(36)

(See eqs. 4.14 and 4.20 in [7] for details). An interesting consequence of this formula is that, although
the stimulus space is high-dimensional, the informativeness of a candidate stimulus depends only its
linear projection onto the current posterior mean and covariance matrix.
The key contributions of [7] include fast methods for updating the posterior mean and covariance, and
efficient methods for selecting maximally informative stimuli subject to a “power” constraint (that is,
||x∗ ||2 < const). The Lewi-09 algorithm yields substantial improvements relative to randomized iid (i.e.,
“white noise”) stimulus selection. Intriguingly, the authors show that in high-dimensional settings, two
methods that might have been expected to work well in fact do not: (1) the maximal eigenvector of
the posterior covariance matrix; and (2) the most informative stimulus from a limited set of iid-sampled
stimuli. Both of these methods turn out to perform approximately as poorly as random stimulus selection.

4.3

Infomax for hierarchical RF models

One shortcoming of the Lewi-09 method is it does not exploit prior information about the structure of
neural RFs. It uses an isotropic Gaussian prior, also known as the ridge prior,

k ∼ N (0, ρI),

(37)

where ρ is the common prior variance of all RF coefficients. This assumes the RF elements are a priori
independent, with prior probability mass spread out equally in all directions (see Fig. 6). By contrast,
we know that RFs tend to be structured, e.g., smooth and sparse in time and space. An active learning
method that incorporates such structure can concentrate prior probability mass closer to the manifold
of likely RF shapes and spend less time exploring regions of stimulus space that are unlikely to be
informative about the RF.
To put this in Bayesian terms, the goal of infomax learning is to obtain a posterior distribution with
minimal entropy. This can be achieved by either: (1) selecting informative stimuli, i.e., stimuli that lead
to maximal narrowing via new likelihood terms; or (2) using a prior with minimal entropy, so that less
learning is required in the first place. Although this second point might seem trivial or uninteresting, we
will show that it is not, as priors that encourage the forms of structure found in biological systems are
not straightforward to construct, and are more difficult to use for active learning than Gaussian priors.
Here we will discuss a method that uses this second strategy. Our method uses a hierarchical prior,
formulated as a covariance mixture of Gaussians, that flexibly encodes statistical regularities in RF
15
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Figure 6: Effects of the prior distributions on active learning of RFs. (A) An isotropic Gaussian prior (top)
has comparatively large prior entropy, and will thus require a lot of data to achieve a concentrated posterior.
A “structured” prior (below), however, concentrates prior probability mass closer to the region of likely RF
shapes, so less data is required to concentrate the posterior if the true RF lies close to this region. (B)
Graphical model for ridge regression prior, which models all RF coefficients as iid Gaussian. RF samples
from this prior (right) are simply Gaussian white noise. (C) Graphical model for localized prior from [54].
The prior simultaneously encourages localized support in space (left) and in the Fourier domain (right), with
support controlled by hyperparameters θs and θf for each domain, respectively. The support depicted in
this diagram assigns high prior probability to a Gabor filter (bottom), and samples from the prior conditioned
on these hyperparameters exhibit similar spatial location, frequency content, and orientation (right). The
full hierarchical prior consists of a mixture of these conditional distributions for hyperparameters covering all
locations, frequencies, and orientations, and includes the ridge prior as a special case.

structure in a way that speeds up learning when such structure is present (e.g., smoothness, sparsity,
locality), but defaults to an uninformative prior when it is not.
For simplicity, we use a linear-Gaussian encoding model, which can be viewed as a GLM with “identity”
nonlinearity and Gaussian noise:

r = k> x + ,

 ∼ N (0, σ 2 ),

(38)

where  is zero-mean Gaussian noise with variance σ 2 . While this provides a less accurate statistical
model of spike responses than the Poisson GLM used in [7], it simplifies the problem of computing and
optimizing the posterior expectations needed for active learning.
We consider a “structured”, hierarchical, conditionally Gaussian prior of the form:

k | θ ∼ N (0, Cθ ),

θ ∼ pθ ,

(39)

where Cθ is a prior covariance matrix that depends on hyperparameters θ, and pθ is a hyper-prior over θ.
The effective prior over k is a mixture-of-Gaussians, also known as a covariance mixture of Gaussians
because the component distributions are zero-mean Gaussians with difference covariances:

Z
p(k) =

Z
p(k|θ)p(θ)dθ =

16

N (0, Cθ ) pθ (θ)dθ.

(40)

Posterior distribution
For this model, the posterior distribution is also a mixture of Gaussians:

Z
p(k|Dt ) =

Z
N (µθ , Λθ ) p(θ|X, Y )dθ.

p(k|Dt , θ p(θ|Dt )dθ =

(41)

with conditional mean and covariance

µθ =

1
Λ X > Y,
σ2 θ

Λθ = ( σ12 X > X + Cθ−1 )−1 ,

(42)

and mixing distribution given by the marginal posterior:

p(θ|Dt ) ∝ p(Rt |Xt , θ) pθ (θ).

(43)

The marginal posterior is proportional to the product of the conditional marginal likelihood or “evidence”
p(Rt |Xt , θ) and the hyper-prior pθ (θ). For the linear-Gaussian encoding model, the conditional evidence has an analytic form:

√
p(Rt |Xt , θ) = ( 2πσ)−t Λθ

1
2

Cθ

1
−2

L = σ 2 (Xt > Xt )−1 ,

exp

h 

m=

1
2

−1
> −1
µ>
θ Λ θ µθ − m L m

i

,

(44)

1
LXt > Rt ,
σ2

where X = [x1 , . . . , xt ]> is the t × d design matrix and R = (r1 , . . . , rt )> is the vector of observed
responses.
As mentioned earlier, active learning confers no benefits over non-adaptive stimulus selection when
the response is governed by a linear-Gaussian model and a Gaussian prior, due to the fact that the
posterior covariance is response-independent (eq. 42). However, this response-independence does
not hold for models with mixture-of-Gaussian priors, as the response Rt affects the posterior via the
conditional evidence (eq. 43). Intuitively, as the responses come in, the conditional evidence tells us
what hyperparameter settings (i.e., which prior distributions) are best. As we will show, active learning
under a structured hierarchical prior can confer substantial advantages over methods based on an
isotropic prior.

Localized RF prior
We illustrate this approach using a flexible prior designed to capture localized structure in neural receptive fields [9, 54]. The prior, introduced as part of an empirical Bayesian RF estimation method called
automatic locality determination (ALD), seeks to exploit the observation that neural RFs tend to be localized in both space-time and spatio-temporal frequency. Locality in space-time means that neurons
typically integrate sensory input over a limited region of space and time. Locality in frequency, on the
other hand, means that neurons tend to respond to a restricted range of frequencies and orientations,
or equivalently, that the Fourier transform of a neural RF tends to be band-limited.
The ALD prior captures localized structure using a covariance matrix C(θs , θf ) controlled by two sets
of hyperparameters: (1) spatial hyperparameters θs , which define an elliptical region of space-time
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where the RF has non-zero prior variance; and (2) frequency hyperparameters θf , which define a pair
of elliptical regions in Fourier space where the Fourier transform of the RF has non-zero prior variance.
The full covariance matrix C is given by a product of diagonal covariance matrices with a Fourier
change-of-basis operator sandwiched between them [54]. Figure 6C shows a graphical illustration of
this prior for one setting of the hyperparameters. The spatial support (left) covers a large region in
the middle of a two-dimensional stimulus image, while the frequency support (right) includes two small
regions with a particular orientation in the 2D Fourier plane, giving rise to a small range of oriented,
smooth, band-pass RFs. Six samples from the conditional prior p(k|θs , θf ) all exhibit this common
tendency (Fig. 6C, right).
The full prior distribution p(k) is a continuous mixture of Gaussians (eq. 40), where each mixing component is a zero-mean Gaussian with covariance C(θs , θf ), and the mixing distribution p(θs , θf ) assigns
prior probability to a broad range of possible hyperparameter values, including settings of θs and θf for
which there is no localized structure in either space-time or frequency. The prior does not rule out any
RFs a priori because it includes the ridge prior as one of its components (Fig. 6B). However, many of the
mixing components do have restricted spatial or Fourier support, meaning that probability mass is more
concentrated on the manifold of likely RFs (as depicted schematically in Fig. 6A). The key virtue of this
prior in the context of active learning is that, for neurons with localized, smooth, oriented, band-pass, or
other relevant structure, the support of the marginal posterior p(θ|Dt ) shrinks down relatively quickly to
a restricted region of hyperparameter space, ruling out vast swaths of the underlying parameter space.
This allows the posterior entropy over k to shrink far more quickly than could be achieved under an
isotropic prior.

Active learning with localized priors
To develop a practical method for active learning under the localized prior, we still need two ingredients:
an efficient way to update the posterior distribution p(k|Dt ) after each trial, and a tractable method
for computing and maximizing the expected information gain I(r, k|x∗ , Dt ). The posterior distribution
contains an intractable integral over the hyperparameters (eq. 41) and lacks the log-concavity property
that motivated the Gaussian approximation-based methods developed in [7]. However, we can instead
exploit the conditionally Gaussian structure of the posterior to develop a fully Bayesian approach using
Markov Chain Monte Carlo (MCMC) sampling. We approximate the posterior using a set of hyperparameter samples {θ(i) }, i ∈ {1, . . . , m}, drawn from the marginal posterior p(θ|Dt ) (eq. 43) via a standard MCMC sampling technique. Here each sample represents a full set of space-time and frequency
(i) (i)
hyperparameters for the localized prior, θ(i) = {θs , θf }. The posterior can then be approximated as:

p(k|Dt ) ≈

1 X
1 X
p(k|Dt , θ(i) ) =
N (µ(i) , Λ(i) )
m
m
i

(45)

i

with mean and covariance of each Gaussian as given in (eq. 42). To update the posterior rapidly after
each trial, we use a version of the resample-move particle filter, which involves resampling a full set of
“particles” {θ(i) } using the new data from each trial and then performing a small number of additional
MCMC steps [55]. The main computational bottleneck is the cost of updating the conditional posterior
mean µ(i) and covariance Λ(i) for each particle θ(i) , which requires inverting of a d × d matrix. However,
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this cost is independent of the amount of data, and particle updates can be performed efficiently in
parallel, since the particles do not interact except for the evaluation of mutual information. Full details
are provided in [9].
We can select the most informative stimulus for the next trial using a moment-based approximation
to the posterior. Although the entropy of a mixture-of-Gaussians has no tractable analytic form, the
marginal mean and covariance of the (sample-based) posterior is given by:

1 X (i)
µ̃t =
µt ,
m

m


1 X  (i)
(i) (i)
Λt + µt µt > − µ̃t µ̃t > .
Λ̃t =
m

(46)

i=1

The entropy of the posterior is upper-bounded by 12 |2πeΛ̃t | due to the fact that Gaussians are maximumentropy distributions for given covariance. We select the next stimulus to be proportional to the maximumvariance eigenvector of Λ̃t , which is the most informative stimulus for a linear Gaussian model and a
power constraint [7]. This selection criterion is not guaranteed to maximize mutual information under
the true posterior, but it has the heuristic justification that it selects stimulus directions for which the
posterior has maximal variance, making it a form of parameter uncertainty sampling.
It is worth noting from (eq. 46) that directions of large posterior variance can arise in at least two different
ways: (1) they can be directions of large variance for all conditional covariances Λ(i) , meaning that all
hyperparameter samples assign high posterior uncertainty over the component of k in this direction of
stimulus space, or (2) they can be directions in which the conditional means µ(i) are highly dispersed,
meaning the conditional posteriors from different hyperparameter samples disagree about the mean of
k along this direction. In either scenario, it seems intuitively reasonable that presenting a stimulus along
this direction will reduce variance in the marginal posterior, but a more careful theoretical treatment is
certainly warranted. In practice, we find that the method performs well both for simulated data from a
Poisson GLM and for neural data from primate V1.

4.4

Comparison of methods for RF estimation

Simulated Data
We compared our method and the Lewi-09 method using data simulated from a Poisson-GLM with exponential nonlinearity and Gabor-filter RF (20 × 20 pixels, shown in Fig. 7). This is the encoding model
assumed by the Lewi-09 method, whereas our method (which assumes linear-Gaussian encoding) exhibits model mismatch. For the Lewi-09 method, we used a ridge prior over k, with prior variance set by
maximizing marginal likelihood for a small dataset. We tested implementations with two different numbers of particles (10 and 100) to examine the tradeoff between computational complexity and accuracy,
and used the angular difference (in degrees) between the true and estimated RF as a performance
measure.
Fig 7A shows estimation error as a function of the number of trials. The localized-prior estimate exhibits
faster reduction in error. Moreover, the localized algorithm performed better with 100 than with 10 particles (ALD100 vs. ALD10 ), suggesting that accurately preserving uncertainty over the hyperparameters
aided performance. Fig 7B shows the estimates obtained by each method after a different number of
19

A

20

Lewi-09

true filter

ALD10

B

ALD100

70

1

20

error:

62.82

51.54

angular error (deg)

200
trials
1

Poisson-GLM simulation

44.94

400
trials
57.29

40.69

36.65

1000
trials

passive-ALD

60

Lewi-09

50

ALD10

40

ALD100

30
43.34

35.90

0

28.98

200

400

600

# trials

800

1000

Figure 7: Simulated RF estimation experiment using a Poisson neuron with a Gabor filter RF and exponential
nonlinearity. (A) Left: true RF is a 20 × 20 pixel Gabor filter, yielding a 400-dimensional stimulus space. Right:
RF estimates obtained by Lewi-09 method (blue) and hierarchical model with localized (“ALD”) prior using 10
(orange) or 100 (red) samples to represent the posterior, with posterior mean estimate shown after 200, 400,
and 1000 trials of active learning. Grey numbers below indicate angular error in estimate (deg). (B) Angular
error vs. number of stimuli for three active learning methods, along with ALD inference using “passive” random
iid stimulus selection (black). Traces show average error over 20 repetitions.

trials. Notice that the estimate with 100 hyperparameter particles after 200 trials is almost identical to
the true filter, where the number of trials (200) is substantially lower than the dimensionality of the filter
itself (d = 400).

Application to Neural Data
We also compared methods using an off-line analysis of real neural data ([56]) from a simple cell in
primate V1. The stimuli were 1D white noise “flickering bars”, with 16 spatial bars aligned with the
cell’s preferred orientation. We used 16 time bins to model the temporal RF, resulting in an a 256dimensional stimulus space. We performed the off-line active learning by extracting the stimuli from
the entire 46 minutes of recording of the experimental data. We computed the expected information
gain on each trial from presenting each of the remaining stimuli, without access to the neuron’s actual
response. We tested our ALD-based active learning with 10 hyperparameter samples, and selected the
most informative stimuli from ≈ 276,000 possible stimuli on each trial.
Fig 8B shows the average angular difference between maximum likelihood estimate (computed with the
entire dataset) and the estimate obtained by each active learning method, as a function of trial number.
The ALD-based method decreased the angular difference by 45 degrees with only 160 stimuli, while
the Lewi-09 method required four times more data to achieve the same accuracy.
The most computationally expensive step in the algorithm is the eigendecomposition of the 256 × 256
posterior covariance matrix Λ̃, which took 30ms on a circa 2012 quad-core Mac Pro. In total, it took
less than 60 ms to compute the optimal stimulus in each trial using a simple implementation of our
algorithm, which we expect to be fast enough for use in real-time neurophysiology experiments.

20

16

(all data)

8
1

8

16

480 stimuli

1

Lewi-09

error: 55.0

47.2

B

ALD

mean angular error (deg)

ML estimate
160 stimuli

A

45.1

42.5

V1 simple cell

70

60

Lewi-09

50

40

ALD
0

160

480

# stimuli

960

Figure 8: Active learning of a linear RF using data from a primate V1 simple cell. Original data were recorded
in response to a 1D white noise “flickering bars” stimulus aligned with the neuron’s preferred orientation (see
[56]). We simulated active learning experiments via an offline analysis of a fixed dataset, where active learning
methods had access to the set of stimuli but not the responses, and could re-order stimulus presentation
according to expected utility. (A) Left: maximum likelihood estimate computed from entire 46-minute dataset
(166K stimuli sampled at 100Hz). Right: RF estimates after 10 and 30 seconds of data selected using
the Lewi-09 and localized (ALD) active learning methods. (B): Mean angular error between active learning
estimate and all-data maximum likelihood estimate as a function of the number of stimuli.

5

Discussion

We have discussed methods for stimulus selection in closed-loop neurophysiology experiments based
on Bayesian active learning, also known as Bayesian adaptive experimental design. The key ingredients
of any such method are: (1) a response model; (2) a prior distribution over model parameters; and
(3) a utility function. The first two ingredients define the posterior distribution over parameters and
the predictive distribution over future responses. The expectation of the loss function over the joint
distribution over parameters and future responses defines the expected utility of a stimulus; the methods
we have considered operate by greedily selecting the stimulus with maximal expected utility on each
trial, given the data collected so far in the experiment. Finally, we discussed the details for two prominent
application domains: tuning curves (or ‘firing rate maps’), and linear receptive fields. For tuning curves,
we discussed methods for both parametric and non-parametric [12] models; for linear receptive fields,
we examined methods based on Poisson models with simple priors [7] and Gaussian models with
structured hierarchical priors [9]. While these methods hold great promise for improving the efficiency
of neurophysiology experiments, there remain a variety of challenges to overcome. We review several
of these challenges below.

Adaptation
The methods we have described all assumed that the response on each trial was conditionally independent of responses on previous trials (eqs. 15 & 34). Clearly, this assumption is violated by the fact that
neurons adapt: the response after a series of large-response trials may differ from the response to the
same stimulus after a series of weak-response trials. An active learning method that models responses
as conditionally independent may misattribute the effect of adaptation to a reduced response to certain
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stimuli.
Fortunately, it is straightforward to incorporate a simple form of response adaptation under the conditionally Poisson models discussed in this chapter [50]. We can augment the model with a set of weights
h that capture dependence of spike rate λ on the recent response history: λ = g(k> x + h> rhist ) for
the receptive field model [7], or λ = g(φ(x) + h> rhist ) for the tuning curve model [54], where rhist is
some vector representation of response history at the current time.
This approach may not be sufficient to capture stimulus specific adaptation effects (e.g., differential
adaptation to inputs that would ordinarily elicit similar spike rates), which suggests one key avenue for
future research. However, it is worth noting that infomax learning and related Bayesian active learning
methods typically interleave stimuli that elicit a wide range of spike rates (see Fig. 2), which stands in
contrast to staircase methods, which tend move slowly across stimulus space, or methods that seek
a maximal response [6, 13, 14] or to find a particular iso-reponse contour [10, 19]. Thus, Bayesian
methods may in general be less susceptible to systematic biases induced by adaptation than other
adaptive selection methods.

Greediness
A second possible problem with the methods we have discussed is that they are “greedy”: they select
the stimulus that maximizes expected utility on each trial. This may be sub-optimal compared to strategies that select stimuli with an eye to maximizing expected utility some finite number of trials in the
future [37]. The computational difficulty of computing and maximizing expected utility multiple trials into
the future makes this a challenging problem to undertake. Moreover, a technical result in [27] shows
that greedy infomax methods are still provably better than standard methods under certain consistency
conditions.
A different and more unavoidable greediness problem arises in the setting of linear receptive field estimation (Section 4). Specifically, if the filter k contains a temporal component, such as one might
characterize using reverse correlation [57], then the methods described in Section 4 will neglect a large
fraction of the available information. In this setting, the response depends on a temporal convolution
of the filter with a stimulus movie. The effective stimulus at each time is a shifted copy of the previous stimulus plus a single new stimulus frame, so one must consider the response at multiple lags in
order to accurately quantify the information each stimulus provides about the RF. Lewi and colleagues
addressed this problem by extending the Lewi-09 method to the selection of maximally informative stimulus sequences, taking into account the mutual information between the model RF and an extended
sequence of responses [8]. A comparable extension of our method based on structured priors [9] has
not yet been undertaken, and represents an opportunity for future work.

Model specification
A third important concern for Bayesian active learning methods is the specification or selection of the
neural response model. Although it is possible for methods based on a misspecified model to outperform well-specified models (e.g., as we showed in in Section 4, using a method based on Gaussian
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noise for a Poisson neuron), there are few theoretical guarantees, and it is possible to find cases of
model mismatch where adaptive methods are inferior to random iid methods [27]. It is therefore important to consider the accuracy and robustness of neural response models used for active learning.
One simple model selection problem involves the setting of hyperparameters governing the prior or response model, such the Gaussian process covariance function for tuning curve estimation (Sec. 3.3). In
[12], we set hyperparameters by maximizing marginal likelihood after each trial using the data collected
so far in the experiment, an approach that is common in Bayesian optimization and active learning. This
is not strictly justified in a Bayesian framework, but empirically it performs better than fixing hyperparameters governing smoothness and marginal variance a priori. A more principled approach would be to
place a prior distribution over hyperparameters and use sampling-based inference so that the expected
utility incorporates uncertainty about the model [34]. Lewi et al explored several specific forms of model
mismatch for RF estimation [7], and DiMattina & Zhang proposed methods aimed at the dual objective
of parameter estimation and model comparison [17, 21].

Future directions
One natural direction for future research will be to combine the Poisson-GLM response model from
[7] with the localized RF priors from [9] to build improved methods for receptive field estimation. This
synthesis would combine the benefits of a more accurate neural model with a more informative and
lower-entropy prior, provided that computational challenges can be overcome. A related idea was
proposed in [58], which altered the utility function to maximize information along particular manifolds
defined by parametric RF shapes (e.g., the manifold of Gabor filters within the larger space of all
possible RFs). Both methods offer a desirable tradeoff between efficiency and robustness: they are
set up to learn quickly when the true RF exhibits some form of low-dimensional structure, but still yield
consistent estimates for arbitrary RFs. A promising opportunity for future work will be to design flexible
priors to incorporate other forms of RF structure, such as space-time separability, [59], sparsity [60], or
structured sparsity [61].
Another direction for improved active learning is the design of more flexible and accurate neural response models. Preliminary work in this direction has focused on models with nonlinear input transformations [7], and “over-dispersed” response noise [62, 63]. Other recent work has focused on hierarchical models for population responses, in which the responses from all previously recorded neurons are
used to help determine the most informative stimuli for characterizing each subsequent neuron [64]. In
future work, we hope to extend these methods to simultaneous multi-neuron recordings so that stimuli
provide maximal information about an entire population of neurons, including their correlations. Taken
together, we believe these methods will greatly improve the speed and accuracy of neural characterization and allow for ambitious, high-throughput neurophysiology experiments that are not possible with
standard, non-adaptive methods. We feel these methods will be especially useful in higher cortical
areas, where neurons exhibit nonlinear “mixed” selectivity in high-dimensional stimulus spaces where
tuning is poorly understood.
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